Electron beam-generated whistler waves are widely found in the Earth's space plasma environment and are intricately involved in a number of phenomena. Here we study 
I. INTRODUCTION AND PROBLEM SETUP
Electron beam-generated whistler waves play an important role in a number of space plasma settings. To name just a few examples, intense electron beams form in the separatrix region of magnetic reconnection and excite whistler waves [1] [2] [3] [4] [5] , which were thought to mediate the rapid energy release involved in magnetic reconnection [6] [7] [8] . Electron beams accelerated by solar flares excite Langmuir waves, which further generate type III radio bursts through nonlinear wave-wave interactions 9, 10 . In particular, electron beam-generated whistler waves interact with Langmuir waves and drive cyclic Langmuir collapse in the nonlinear stage of the electron two-stream instability 11 , which was considered to be the key step in reconciling the huge difference in time scales between the short linear saturation of electron two-stream instability and long duration of type III radio bursts. In the Earth's quasiperpendicular bow shock, electron beam-generated whistler waves were seen to contribute to the electron heating throughout the shock transition layer 12, 13 . Whistler-mode auroral hiss can be generated by electron beams in the ionosphere 14 and potentially leak to the ground. In the Earth's outer radiation belt, the lower-band oblique whistler-mode chorus waves are suggested to be generated by electron beams 15, 16 , though the origin of these electron beams seems unclear at this time. In addition, beam-plasma interactions have also been extensively studied in active experiments in space 17 and controlled experiments in laboratory [18] [19] [20] for various purposes.
By injecting a circular electron beam into a cold background plasma, we performed a series of laboratory experiments [21] [22] [23] to excite whistler waves in the Large Plasma Device (LAPD) 24 at the University of California, Los Angeles (UCLA), supported by particle-incell simulations 25 . Of relevance to the present study, one of our experiments 22 identified the resonant mode structures of hiss-like emissions excited by a gyrating electron beam with finite size, and observationally demonstrated that these emissions were excited through a combination of cyclotron resonance, Landau resonance and anomalous cyclotron resonance.
On the theoretical side, Bell and Buneman 26 had investigated the linear growth of parallelpropagating whistler waves excited by an infinite gyrating electron beam through cyclotron resonance only which could account for a portion of the instability but not the entire excitation process. The resonant growth or damping of whistler waves had been treated in detail To address the whistler instabilities that are pertinent to our experiment, here we consider a finite electron beam in a slab geometry which nevertheless allows us to capture the essential ingredients of the experiment but does not unnecessarily complicate the solution mathematically. The background magnetic field B 0 is taken to be along the z axis. The density of the electron beam is assumed to have a simple top-hat profile in the perpendicular (x) direction, namely
where a is the half width of the beam. The background electrons are assumed to be cold and uniform, with a density of n 0 . The background ions are taken to be cold and are distributed in such a way as to maintain the neutrality of the system. The frequency range considered in the present analysis here is much higher than the lower hybrid frequency so that ions can be treated as a fixed background. The unperturbed electron beam distribution function is
The wave dispersion relation inside and outside the beam, respectively, can be treated as a uniform medium. The linear instability of an electron beam of a finite size differs from that of an infinite homogeneous beam, in that the unstable waves spend a limited amount of time inside the beam for amplification and eventually propagate out of the beam region.
Such a finite electron beam will likely lead to a decrease of the linear wave growth rate compared to an infinite electron beam. Note that the size of the electron beam is only a few times the gyro-radius of the beam electrons and is comparable to the wavelength of whistler waves consistent with our experimental setup at the LAPD. This ordering of the length scales violates the assumption behind the ray tracing method and hence it cannot be applied in the present situation. Corresponding to each complex wave frequency (eigenvalue), the wave has a certain mode structure (eigenmode) that may either leak out of the iii beam region or be confined to the beam region. In section II, a linear instability analysis is performed for an infinite electron beam. In section III, the eigenmode solutions are matched at the boundary and the results for a finite electron beam are presented. In section IV, the experimental results are quantitatively interpreted with the linear instability analysis. The work is summarized and further discussed in section V.
II. LINEAR INSTABILITY ANALYSIS FOR AN INFINITE ELECTRON BEAM
To begin with, the linearized Vlasov equation can be written as:
wheref b is the perturbed distribution function andÊ,B are the perturbed fields. e is the elementary charge and m is the electron mass. We consider perturbations of the form
Equation (3) can be integrated along its characteristics, i.e., the unperturbed helical orbits of the electrons. This integral can be calculated aŝ
Here the integral kernelS isS
x and z represent the position at time t along the particle orbit. v represents the velocity at time t along the particle orbit. The detailed expressions of x , z and v can be found in the supplemental materials. The perturbed beam current can be calculated from the velocity moments of the perturbed beam distributionf b aŝ
iv Note thatĵ b has the formĵ b =j b exp(−iωt + ik x x + ik z z). In fact,j b can be expressed as a linear superposition ofẼ x (x),Ẽ y (x) andẼ z (x), with the coefficients being integrals of gradients over velocity space, namely
Here χ b is the susceptibility tensor for the electron beam, which is derived in detail in the supplemental material. The susceptibility tensor is summarized here as the following
Here ω 2 pb = 4πn b e 2 /m e . θ is the angle between the background magnetic field B 0 and the wave vector k. J n is the Bessel function of the first kind of n-th order and its argument is essentially the wave number normalized by the gyro-radius of the beam electron, given by
/Ω e . Note that the susceptibility tensor χ b is a Hermitian matrix for any real ω.
χ b is also proportional to the beam density, i.e., χ b ∝ n b . Since the beam is tenuous, χ b is v significant only when the residual of ω − k z u − nΩ e is small. The singularity at the resonance is avoided by navigating around it in the complex plane of the wave frequency ω.
Combining Faraday's and Ampere's Law, one obtains
wherej b andj c are perturbed plasma currents generated by beam electrons and cold background electrons, respectively. Making use of the cold plasma dielectric tensor, one can combine the currents generated by the background electronsĵ c and the displacement current as
where c is the well-known cold plasma dielectric tensor 31 , written as
Combining equations (19) - (21) leads to M b ·Ẽ = 0 with the dispersion matrix having the Note that the two branches in the region 0 < k z c/ω pe < 2 with appreciable growth rate belong to the Landau resonance. The anomalous cyclotron resonance mode is located in the region with a large parallel wave number k z c/ω pe > 2. vii
III. MATCHING THE EIGENMODES AT THE BOUNDARY
Here we match the eigenmodes inside and outside the beam at the boundary. The electric field on the side of the beam region with x > a has the form
whereas the electric field on the other side of the beam with x < −a has the form
Here k y has a continuous spectrum and is set to 0 hereafter for simplicity. The sign change
for the E x and E y components is due to the fact that the orientation of k x is opposite in the region of x > a compared to x < −a. Note that k 
The boundary condition imposed is the continuity of tangential electric field across the
Note that the continuity of B x across the boundary is equivalent to the continuity of E y because of
This boundary condition can be written explicitly as
and
viii Adding the conditions at x = ±a in equation (26) and subtracting the conditions at x = ±a in equation (27) , respectively, we obtain
The only possible solution is
This pair of equations means that the mode structure of E y is odd and that of E z is even.
In fact, the symmetry also requires that the mode structure of E x is odd. Equations (26) and (27) can be rewritten to relate the field inside and outside the beam through
In principle, one can write two of the electric field components in terms of the third component, e.g.,
The symmetry requires that
Outside the beam, one has
Using equations (35) and (39), we can write equations (32) 
ix This is the final boundary condition obtained by matching the eigenmodes inside and outside the electron beam.
The dispersion relation inside the beam is
where
with
Translational symmetry in the z direction implies that the spectrum of k z is continuous. Therefore, for a given k z , equations (40), (41) Three representative mode structures of E y , taken from the cyclotron resonance mode, Landau resonance mode and anomalous resonance mode are shown in Figures 3, 4 and 5 respectively. In all three plots, E y with respect to x is displayed in the upper panel and an x image of E y in the x−z plane is shown in the lower panel. As shown in treating the boundary condition, E y is an odd mode. The amplitude of E y peaks in the vicinity of the boundary and decays to zero as x → ±∞. The beam width is comparable to the perpendicular wave length inside the beam. It is worthy to note that the wave front outside the beam is oblique and converges toward the beam while the Poynting flux flows out of the beam. In terms of wave propagation, the cyclotron resonance mode is counter-streaming with the beam (Figure   3 ), whereas both the Landau resonance mode and the anomalous cyclotron resonance mode are co-streaming with the electron beam (Figures 4 and 5) . These plots show the benefit of having a radially extended beam, as the waves are allowed to grow to larger amplitudes before exiting the beam region. 
IV. COMPARISON WITH THE EXPERIMENT
To interpret our experimental results with the linear instability analysis, we organize the experimental results (see Ref. 22 for details) into the plane of k z − ω as shown in Figure 6 (a).
All the parameters in the experiment are the same as that in Figure 2 has the same parameters as that in the experiment, whereas the analysis in Figures 6(c) and 6(d) varies ω pe /Ω e and keeps other parameters unchanged. In the experiment, whistler waves are excited primarily due to three basic resonance regimes simultaneously: the normal cyclotron resonance mode (0.2 < ω/Ω e < 0.4), Landau resonance (0.1 < ω/Ω e < 0.25 and 0.4 < ω/Ω e < 0.9) and first-order anomalous cyclotron resonance mode (0.4 < ω/Ω e < 0.9).
The location of both cyclotron resonance and anomalous cyclotron resonance in k z -ω space is accurately captured by the linear analysis in Figure 6 electrons only occurs below some critical plasma density. From the refractive index surface of whistler waves, there exists a minimum k z for a given frequency
In order to have Landau resonance between beam electrons and whistler waves, the resonant wave number must exceed k min z . That is
xiv There exists a critical value of ω pe /Ω e , above which Landau resonance does not occur. This critical value is
For typical parameters in the experiment, i.e., u/c = 0.1 and ω/Ω e = 0.5, the critical value of ω pe /Ω e is 5. For Landau resonance in the high density regime ω pe /Ω e = 9.6 in the experiment, we do not have a satisfactory answer in the current stage. It should be pointed out that the calculation in this study is only applicable to a tenuous beam, i.e., n b n 0 . The ratio n b /n 0 is the range from 0.5 × 10 −3 to 3.5 × 10 −3 in the experiment 22 such that this condition is satisfied. For one thing, the validity of linear kinetic theory relies on the wave growth rate being much smaller than the wave frequency so that only first order terms are retained, which requires n b n 0 . In addition, the initial setup of the system is not in an equilibrium state. The continuity of the electric displacement at the boundary is ensured only when n b n 0 . This means that the beam does not change the dispersion properties of the background plasma significantly but only provides a small correction to the real frequency as well as a wave growth rate (complex frequency). The enforcement of the continuity of the electric displacement into the computation leads to an over-determined system 33 . The problem setup is self-consistent only when the beam is tenuous. Such a dilemma can be reconciled if we consider a finite beam with a smooth density profile. Under the setup of a smooth beam, the only boundary condition is that all the wave fields vanish at infinity. By expanding the wave fields and the electron distribution around the gyro-orbit of beam electrons, the linearized Vlasov equation can be integrated properly.
A set of differential equations can be obtained, which defines the eigenvalue problem. This type of geometry, which is both more realistic and more complex than the one considered in this manuscript, will be studied in the future. Supplementary Material to "Linear unstable whistler eigenmodes excited by a finite electron beam"
Here the susceptibility tensor for a gyrating electron beam is calculated analytically. To begin with, the linearized Vlasov equation is
wheref b is the perturbed distribution function andÊ,B are the perturbed fields. The
where B 0 is the background magnetic field. We consider perturbations of the form
Equation (S1) can be integrated along its characteristics, i.e., the unperturbed helical orbits of electrons. This integral can be calculated aŝ
Here the integral kernelS is
We define
Note that v ⊥ and v z are two constants along the particle orbit. Using Faraday's equation, we can writeB x andB y asB
i ReplacingB x andB y with the electric field, one obtains
(S11)
The unperturbed particle orbit can be solved as
where τ = t − t . Note that Ω e = eB 0 /mc is the unsigned electron cyclotron frequency. The particle orbit reaches v = v and x = x at t = t. Using the particle orbit, we further writẽ
(S18)
To writeS in a more compact form, we define
(S25)
Now we express the phase factor in equation (S5) as a function of τ
Therefore the perturbed distribution can be integrated over τ as
Using the Jacobi-Anger expansion
Hereafter k y = 0 or ψ = 0 is assumed using the symmetry perpendicular to the background magnetic field. Another simplification is averagingf b and its velocity moments over φ in velocity space when calculating the charge density and current density. The following iii identities are useful in this procedure
Here the argument of both Bessel function and its derivative is
. The integration over τ in equation (S27) can be performed as
given that (ω) > 0. We denote the averaging procedure by φ . The zeroth-and first-order moment off b becomes
Knowledge of velocity moments now leads to the calculation of first-order plasma currents generated by the perturbed electron beam distribution, i.e., 
v We define
where we have re-scale g ⊥ and g z to be g ⊥ = . Now we can calculate the specific susceptibility tensor for a beam ring distribution. We write the beam electron distribution as the following
Thus U and W can be rewritten as
where Q ⊥ = dQ dv ⊥ and P z = dP dvz
. To calculate the susceptibility tensor χ b , two types of integration by parts are useful as the following
Taking advantage of equation (S43) and (S44), we can start to calculate each component of the susceptibility tensor. χ xx can be calculated as
